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Symmetry breaking phase set up

Consider a D dimensional field theory Z with internal symmetry G .

Let ϕ be the order parameter, transforming in some k dimensional Vρ of G .

ex: G = Z2, Vsign is the k = 1 sign representation σϕ = −ϕ.

ex: G = U(1) and V1 the k = 2 charge 1 representation.

In the symmetry breaking phase, ϕ condenses and we pick up a vev ⟨ϕ⟩ ≠ 0. We will
consider the theory Z with a varying background ⟨ϕ(x)⟩.

Equivalently, we can view Z [ϕ(x)] as a family of field theories with parameter ϕ ∈ Vρ. And
we are allowed to change the parameter ϕ across space.
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consider the theory Z with a varying background ⟨ϕ(x)⟩.

Equivalently, we can view Z [ϕ(x)] as a family of field theories with parameter ϕ ∈ Vρ. And
we are allowed to change the parameter ϕ across space.

Yu Leon Liu (Harvard) Anomaly in symmetry broken phase and crystalline SPTs March 10, 2023 3 / 10



Symmetry breaking phase set up

Consider a D dimensional field theory Z with internal symmetry G .

Let ϕ be the order parameter, transforming in some k dimensional Vρ of G .

ex: G = Z2, Vsign is the k = 1 sign representation σϕ = −ϕ.

ex: G = U(1) and V1 the k = 2 charge 1 representation.

In the symmetry breaking phase, ϕ condenses and we pick up a vev ⟨ϕ⟩ ≠ 0. We will
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Twisted boundary condition and topological defect

Using the space-varying field ϕ(x), we can set
twisted boundary conditions. For simplicity sake,
let’s assume G = U(1) and ϕ transform as the
charge 1 representation.

Let’s consider the following field configuration
ϕ = ϕ(xD−2, xD−1), depending on the last 2
coordinates:

ϕ(r , θ) = ϕ0(r)e
iθ

where we are using the polar coordinates
(xD−2, xD−1) = re iθ.

Since ϕ wants to stay away 0, where it is
energetically unfavored, we make ϕ0(r) look like:

Note this creates a topological
defect at the origin
xD−2 = xD−1 = 0.
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G is a crystalline symmetry

ϕ(r , θ) = ϕ0(r)e
iθ

Note G = U(1) rotates the field configuration:

Uα · ϕ(r , θ) = e iαϕ0(r)e
iθ = ϕ(r , α+ θ)

Therefore we want to study Z [ϕ] with this fixed ϕ configuration, then G is no longer a
symmetry of the system.

However, note G acts on ϕ the same way as a space rotation in the (xD−2, xD−1)
coordinates.

Let Rα be the spatial rotation in (xD−2, xD−1) coordinates by angle α , then we see that

UαR−αϕ = ϕ

is a symmetry of the system Z [ϕ]. Let us denote this twisted symmetry group as G ′, it is a
crystalline symmetry as it acts on space.
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SSB phase = crystalline phase

To summarize: in the symmetry breaking phase ϕ can vary across space. Since G acts on
ϕ, in some sense it also acts on space.

To keep it a symmetry of the system Z [ϕ], we need to combine G with spatial rotations,
making it a crystalline symmetry G ′ : U ′

g = UgRg .

Slogan

The symmetry broken phase = crystalline phase.

Let’s see some applications of this point of view.
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Application I: Crystalline equivalence principle

The crystalline equivalence principle (CEP) [TE18] states that crystalline SPTs are
equivalent to SPTs with internal symmetry.

The symmetry is often different on both sides. For example, Spinc symmetry with U(1)
acting by rotation is equivalent to fermionic (Spin) systems with internal U(1) symmetry.

Note this twisting is exactly what happens when we go from G to G ′:

Consider the U(1) case above, for fermionic systems, R2π = (−1)F ̸= 1, therefore
U ′
2π = U2πR2π = (−1)F . That is, it is a Spinc symmetry.

In upcoming work, viewing the crystalline phase as the symmetry breaking phase, we give
an intuitive explanation of CEP as going between G and G ′.

D dim, G internal D dim, G’ crystalline
CEP

≃
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Application II: Anomaly matching in SSB, and LSM

’t Hooft anomaly matching principle states that the anomaly have to be matched in the
infared, if the symmetry is not broken. Is there such matching principle when the symmetry
is broken?

In [HKT20], the authors sketched out how the anomaly can be matched in the SSB phase:
the topological defect, viewed as a codimensional k theory, is anomalous and carries gapless
Jackiw-Rebbi[JR76] modes.

There is an anomaly matching map, called the Smith homomorphism, that maps the defect
anomaly to the bulk anomaly. The anomaly matching condition states the defect anomaly
maps to the bulk anomaly under Smith homomorphism.

D dim, G internal

D-k dim, G’ internal

anomaly matching
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Application II: Anomaly matching in SSB, and LSM

Viewing the SSB phase as a crystalline phase, we give a new interpretation of this anomaly
matching map:

the topological defect sits at ϕ = 0, which is a G fixed point, that is, at a highly special
Wyckoff position.

The Lieb-Schultz-Mattis theorem relates the anomaly (normally quantum mechanical, aka
projective representations) at the Wyckoff position to anomaly of the entire system.

In upcoming work[Deb+], we show that the LSM map, under CEP, is precisely the anomaly
matching map:

D dim, G internal D dim, G’ crystalline

D-k dim, G’ internal

CEP

≃

anomaly matching

LSM
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