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Abstract. Let E be the set of sums of two squares. We prove that, for every fixed 0 < c < 1/10
and all sufficiently large n, every positive integer t satisfying the n-translation property for E (that
is, a ∈ E ⇐⇒ a + t ∈ E for all 1 ≤ a ≤ n) must exceed exp(nc). We do not address the existence of
such t, that is, whether E has the translation property.

Definition 1. For a subset A ⊂ N and positive integer n, we say that a positive integer t satisfies the
n-translation property for A if

a ∈ A ⇐⇒ a + t ∈ A

holds for all 1 ≤ a ≤ n. We say that A has the translation property if for every n > 0 there exists t

satisfying the n-translation property for A.

Problem 675 [1] has three parts:
(a) Does the set of sums of two squares have the translation property?
(b) If we partition all primes into P ⊔ Q such that each part contains ≫ x/ log x many

primes ≤ x for all large x, does the set of integers only divisible by primes from P

have the translation property?
(c) If A is the set of squarefree numbers, how fast does the minimal such tn satisfying

the n-translation property of A grow? Is tn > exp(nc) for some constant c > 0?
Here we make the following progress on part (a) concerning sums of two squares:

Theorem 2. Let E be the set of positive integers expressible as a2 + b2 with a, b ∈ Z≥0. For every
0 < c < 1

10 , there exists Nc such that for all n ≥ Nc, every t satisfying the n-translation property for
E satisfies

t > exp(nc).

Remark 3. We do not prove part (a), i.e., that the set E satisfies the translation property. We do
show that if E has the translation property, then t grows faster than exp(nc) as in Theorem 2.

Remark 4. We discuss potential improvements on the constant 1
10 in Remark 12.

First we note that

(5) E = {m ≥ 1 | vp(m) is even for all primes p ≡ 3 (mod 4)}.

We have the following lemma:

Lemma 6. Let p ≡ 3 (mod 4) and n ≥ 1. Suppose t satisfies the n-translation property for E. Then
for any a ∈ E ∩ [1, n] with

a ≡ −t (mod p),
we have

a ≡ −t (mod p2).
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Proof. By construction we have p | a + t, and the n-translation property implies that a + t ∈ E. It
follows from (5) that p2 | a + t, and thus

a ≡ −t (mod p2).

□

Next, we show that any sufficiently small prime p ≡ 3 (mod 4) must divide t. The idea is to find
a, b that are both ≡ −t (mod p) but differ modulo p2.

Lemma 7. Let p ≡ 3 (mod 4) be prime. There exists Np such that, for every n ≥ Np and every t ≥ 1
satisfying the n-translation property for E, we have p | t.

Proof. For each nonzero residue class r (mod p), the residues r and r + p differ modulo p2. By the
Chinese remainder theorem, there are unique classes ur,0, ur,1 (mod 4p2) satisfying

ur,0 ≡ 1 (mod 4), ur,0 ≡ r (mod p2),

ur,1 ≡ 1 (mod 4), ur,1 ≡ r + p (mod p2).

Since r ̸≡ 0 (mod p) and each ur,j ≡ 1 (mod 4), both ur,0 and ur,1 are coprime to 4p2. By Dirichlet’s
theorem on primes in arithmetic progressions, there exist primes ℓr,0 and ℓr,1 with

ℓr,0 ≡ ur,0 (mod 4p2), ℓr,1 ≡ ur,1 (mod 4p2).

Each ℓr,j ≡ 1 (mod 4), hence lies in E by (5). Let

Np := max
1≤r≤p−1
j∈{0,1}

ℓr,j .

Now suppose n ≥ Np and t has the n-translation property for E, and assume for contradiction that
p ∤ t. Pick r ∈ {1, . . . , p − 1} with r ≡ −t (mod p). The witnesses ℓr,0, ℓr,1 ∈ E ∩ [1, n] both satisfy
ℓr,j ≡ r ≡ −t (mod p), so Lemma 6 forces ℓr,j ≡ −t (mod p2) for j ∈ {0, 1}. In particular ℓr,0 ≡ ℓr,1
(mod p2). But by construction ℓr,0 ≡ r (mod p2) and ℓr,1 ≡ r + p (mod p2), so ℓr,0 ̸≡ ℓr,1 (mod p2),
a contradiction. It follows that p | t. □

Remark 8. In the proof above we chose ℓr,j to be primes because that guarantees they lie in E. In
fact, any choice of ℓr,0, ℓr,1 ∈ E satisfying

ℓr,0 ≡ r (mod p2), ℓr,1 ≡ r + p (mod p2)

suffices, and a careful choice could yield a better bound.

Next, we bound Np as a function of p:

Theorem 9 (Linnik [4]). There exist constants C > 0 and L > 0 such that for any modulus q ≥ 2 and
any residue class a with 1 ≤ a ≤ q − 1 and gcd(a, q) = 1, the smallest prime p0 ≡ a (mod q) satisfies
p0 ≤ CqL.

The best current unconditional value is L ≤ 5, due to Xylouris [5].

Proof of Theorem 2. Let p ≡ 3 (mod 4) be a prime. Applying Theorem 9 with q = 4p2, we see that
we can choose primes ℓr,j with

ℓr,j ≤ C(4p2)L.

Thus, with A = 4LC, we have
Np ≤ Ap2L.
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In particular, if p ≤ (n/A)1/(2L), then n ≥ Np, so any t satisfying the n-translation property for E has
p | t by Lemma 7.

Let y := (n/A)1/(2L). It follows that ∏
p≤y

p≡3 ( mod 4)

p
∣∣∣ t.

By the prime number theorem in arithmetic progressions (see e.g. Davenport [3]), the primes ≡ 3
(mod 4) have density 1

2 among the odd primes, so

(10)
∑
p≤y

p≡3 ( mod 4)

log p ∼ y

2 as y → ∞.

Fix a constant c1 ∈ (0, 1
2 ), say c1 = 1

4 . By (10), there exists a threshold y0 = y0(c1) such that for all
y ≥ y0,

(11)
∑
p≤y

p≡3 ( mod 4)

log p ≥ c1y.

Set N1 := A · y2L
0 , so that n ≥ N1 guarantees y = (n/A)1/(2L) ≥ y0. For all such n, combining the

divisibility above with (11) gives

log t ≥
∑
p≤y

p≡3 ( mod 4)

log p ≥ c1y = Kn1/(2L),

where K := c1A−1/(2L).
Now fix any 0 < c < 1/(2L); since L ≤ 5, every 0 < c < 1/10 satisfies this. Since the exponent

gap 1/(2L) − c is positive, the inequality Kn1/(2L) > nc, equivalently n1/(2L)−c > K−1, holds for all
n ≥ N2(c) := ⌊K−2L/(1−2Lc)⌋ + 1. Setting

Nc := max
(
⌈N1⌉, N2(c)

)
,

we conclude that for every n ≥ Nc,

log t ≥ Kn1/(2L) > nc, i.e., t > exp(nc). □

Remark 12. The constant 1
10 in Theorem 2 arose as 1

2L with L ≤ 5 from [5]. There are two potential
ways to improve it.
First, by improving Linnik’s constant. Under the Generalized Riemann Hypothesis, one has pmin(a, q) ≪
φ(q)2(log q)2, which sets Linnik’s constant to L ≤ 2 + ϵ in Theorem 9. This pushes the conclusion of
Theorem 2 to t > exp(nc) with 0 < c < 1

4 . The Linnik conjecture, pmin(a, q) ≪ε q1+ε for every ε > 0,
would further yield t > exp(nc) for every 0 < c < 1

2 .
Second, by relaxing the choice of witnesses. As noted in the remark following Lemma 7, we never
used that the witnesses ℓr,j are prime; any ℓr,j ∈ E with the prescribed residue (mod p2) suffices.
Bounding the smallest such ℓr,j is a question about E in arithmetic progressions; sharp bounds here
would likely improve the constant further.
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